HEAT KERNELS ON COVERING SPACES AND TOPOLOGICAL INVARIANTS

JOHN LOTT I. Introduction
It is well known that there are relationships between the heat flow, acting on differential forms on a closed oriented manifold M, and the topology of M. From Hodge theory, one can recover the Betti numbers of M from the heat flow. Furthermore, Ray and Singer [42] defined an analytic torsion, a smooth invariant of acyclic flat bundles on M, and conjectured that it equals the classical Reidemeister torsion. This conjecture was proved to be true independently by Cheeger [7] and Muller [40] . The analytic torsion is nonzero only on odd-dimensional manifolds, and behaves in some ways as an odd-dimensional counterpart of the Euler characteristic [20] .
If M is not simply-connected, then there is a covering space analog of the Betti numbers. Using the heat flow on the universal cover M, one can define the L 2 -Betti numbers of M [1] by taking the trace of the heat kernel not in the ordinary sense, but as an element of a certain type II von Neumann algebra. More concretely, this amounts to integrating the local trace of the heat kernel over a fundamental domain in M. In §11, we summarize this theory.
We consider the covering space analog of the analytic torsion. This iΛanalytic torsion has the same relation to the iΛcohomology as the ordinary analytic torsion bears to de Rham cohomology. In §111 we define the iΛanalytic torsion <9^(M), under a technical assumption which we discuss later, and prove its basic properties. We show that &^(M) is a smooth invariant of manifolds whose L 2 -Betti numbers vanish. The proof is similar to that of the analogous statement for the ordinary analytic torsion, but requires some care because of the possible slow decay of the heat kernels for large time.
In order to know if there are interesting examples of &^(M), we compute it in the case where M admits a hyperbolic metric. It is clear that is proportionate to the volume of the hyperbolic metric, which is a topological invariant by Mostow rigidity. The question is whether the constant of proportionality is nonzero. In §IV we show that the constant is nonzero for three-dimensional hyperbolic manifolds. Another invariant of M which gives the hyperbolic volume is the simplicial volume ||M|| of Gromov [25] . The relationship between ||AΓ|| and ^(M) is not clear.
Also, <9^(M) presumably equals the L 2 -Reidemeister torsion defined in [6] and [31] , although we do not prove this.
The technical condition needed to define 3γ{M) is that the type II traces of the heat kernels approach the L 2 -Betti numbers sufficiently quickly for large time. For example, a power-law decay is sufficient. It was shown by Novikov and Shubin that in addition to the L -Betti number b^(M), the exponent a (M) involved in the power-law decay of the trace on p-forms is a smooth invariant of M [41] . In §V we show that oc p (M) is defined for all closed oriented topological manifolds M and is a homeomorphism invariant. This is done by putting a Lipschitz structure on M [47] and carrying out the heat kernel analysis on the Lipschitz manifold ( [48] , [28] ).
In order to obtain some understanding of the invariant a AM), in §VI we look at the case of Abelian fundamental group. One can then use Fourier analysis and the perturbation theory of operators to get some concrete results. We show that in this case a (M) is determined by higher order cohomology products. We give examples where a p (M) is arbitrarily close to 0.
In §VII we collect some information on aAM) in the case of locally symmetric spaces. We also consider the case of manifolds covered by Heisenberg groups and obtain upper bounds on a (M). For the threedimensional Heisenberg group we show that these bounds are exact^This is done by explicit calculation of the heat kernel on the diagonal of M x M.
II. Type II traces of heat kernels
We give a summary of the theory of type II traces of heat kernels. For more details, see [1] , [8] , [14] .
Let Γ be a discrete group. There is an action L: Γ -• B(1 2 (Γ)) of Γ on / 2 (Γ) induced from the action of Γ on Γ of left multiplication. Put
(1) JT = {Te B(1 2 
(Γ)): L(g)T = TL(g) for all g e Γ}.
Jί is a von Neumann algebra generated by the right multiplication operators R(g). There is a finite trace Tr π on Jί, continuous in the weak operator topology, given by Ύτ u (R g ) = δ g e , which makes Jί into a type II j von Neumann algebra. Let M be^a closed oriented smooth Riemannian manifold of dimension n and let M be its universal cover. Let 3. 9γ is independent of the choice of the positive number ε in the definition.
4. We use zeta-function regularization on [0, ε] . This is in order to ensure that ^ has a simple dependence on the Riemannian metric.
5. We do not extend the zeta-function regularization to large time. This is because Ύr Γ (-l) F Fe~T A may have a slow decay for large Γ, which could mean that the integrand of an expression analogous to (4) would not be integrable for any value of s.
6. One could make the same definition for a normal cover of M with group of deck transformations Γ.
In order to study the small-T behavior of Ύτ Γ e~T Ap , one can use a parametrix P on M which is pulled back from a parametric P on M. [37] . Thus (9) gives const. (20) Proof We will think of V as an operator on both A*(M) and Λ*(M). By the known formula for •fc&'{u) [42] , it is enough to show
We will show that (lne + y)(c Γ -c). 
As in
A.
du (33) [9], we have From this point on, the arguments are the same as for the ordinary analytic torsion [7] . q.e.d. Using the method of proof of Lemma 4 in the case k = 1, we have
is uniformly bounded for 0< T < A and 0 < u < 1. Then (27) follows. In order to take the limit Λ -• oo in (28) 
is independent of T andequals [8] , which equals
Subtracting the T -> oo limit of (39) 
IV. Torsion of hyperbolic manifolds
If ¥ is a locally homogeneous space, and h(x, y) is the Schwartz kernel of the projection onto KerΔ, then
2 -acyclic and admits a locally homogeneous metric, then <9^(M), a smooth invariant of M, is proportionate to the volume of the locally homogeneous space (after the curvature has been appropriately normalized). The constant of proportionality depends only on the geometry of M, and the question is whether it is nonzero. If M admits the structure of an irreducible locally symmetric space of nonpositive curvature, then it follows from [39, Proposition 2.1] that ^{M) vanishes unless M = SO(/?, q)/S{O{p) x O(q)) with p and q odd, or M = SL(3, R)/ SO(3).
We will compute ^(Af) in the special case
with d odd. Note that H d is iΛacyclic for d odd [16] . Using the Hodge decomposition, we can rewrite 5f/ Vol(M) in this case as Because d is odd, there is no discrete series contribution to the heat kernel, and only the induced series contribution, which is specified by the restriction of T to M. In our case the coclosed 7-forms correspond to the representation σ j of M on Λ 7 (R -1 ) [19] . As G is of rank one, the corresponding induced series is labelled by a real number v , and the representation of the Casimir of ô n the v representation is v 2 + (n -j) 2 [19] . Thus (45)
where P σ (v)dv is the Plancherel measure. In the notation of [35] , the highest weight of the representation σ y is
for some constants a and β [35] . The constants a and β are in principle given in [35] , but because of the many normalizations we prefer to compute them directly. This can be done using the small-time heat kernel asymptotics. First, we have
so aβ 2n = 1. Second, because β is independent of j, we can use the expansion
It is now straightforward to compute ^ for hyperbolic 3-manifolds.
(This agrees with [50] .) By Lemma 13, F { (T) does not contribute to ^. We are left with
Analogously, one can compute ^ for any odd-dimensional hyperbolic space. We find
is the same as the L 2 Reidemeister torsion ^f(M), then it follows that vanishes for any Seifert 3-manifold with infinite π χ . One way to see this is to note that the Seifert 3-manifolds all admit a locally homogeneous metric [44] , and so it suffices to check the statement for one example of a Seifert 3-manifold for each of the five relevant homogeneous geometries. (5) be the exact homotopy sequence. Let F f be the normal covering of F with covering group Γ = i(π { (F)). Suppose that F is Γ-acyclic. Then M is iΛacyclic and the L 2 Reidemeister torsion of M is T£(F)χ(B) [31] . It now suffices to take a circle bundle as the example of a Seifert 3-manifold for each of the five relevant homogeneous geometries, as <9^c(S ι ) = 0. The same argument shows that a 3-manifold based on the Sol geometry has vanishing L 2 torsion.
Suppose that F -> M -> B is a fiber bundle and let
Remark 18. For three-dimensional hyperbolic manifolds, one can think of the eta invariant as the imaginary part of a complex function whose real part is the volume ( [52] and references therein). Also, when one computes the regularized determinant of a first-order selfadjoint elliptic operator, one can think of the phase of the determinant as given by the eta function of the operator [30] . We wish to point out that these two facts are related.
Consider the partition function Z of a quantum field theory whose action is the Chern-Simons invariant of a U(l) gauge theory on a closed 3-manifold M. Formally, (52) Z = -ln ίe-1
where AeA 1 (M). This expression is formally computed [46] as
where T is the operator on 
. For a hyperbolic 3-manifold, from Proposition 16 we have
This is exactly the combination of Vol(Λf) and η(M) which enters in [52] . More precisely, [52] defines an analytic function f(u) on the deformation space of a finite volume hyperbolic 3-manifold N with cusps. The deformed 3-manifold N u is incomplete. When the deformation is such that N u can be completed to a closed smooth hyperbolic 3-manifold 
It was shown in [41] , [18] that a is a smooth invariant of M. (We use a different normalization than [41] , [18] .) We will show that a p is defined for all closed oriented topological manifolds M and is a homeomorphism invariant, a (M) is defined by putting a Lipschitz structure on M and forming the corresponding heat kernel [48] , [28] . The invariance will follow along the lines of [41] , [18] .
A Lipschitz structure on M is a maximal collection of coordinate charts Note 22. If one wants to consider a more general class of noncompact manifolds, let X be a topological manifold with a uniform Lipschitz structure, meaning that there is a maximal atlas of coordinate charts {φ a , V a } such that the transition functions Ψβ°φ~l are ^-Lipschitz for all a and β , for some constant K. With a fixed covering of X by coordinate charts, define the metric d(x, y) as above. Let us assume that X is complete with respect to d this is independent of the covering chosen. Given a Riemannian metric g on X which is uniformly bounded above and below with respect to the Euclidean norms on the charts almost everywhere, one can prove the lemma in the same way. Alternatively, one can use the metric on X defined intrinsically by g ( [13] , [29] ). Proof. We refer to [28] . For completeness, letjis give the operator B. Let / and / be the identity operators /: A* (A/, g) -• Λ*(AΓ, g') and /: A*(M 9 g 1 ) -> Λ*(Af, #). Let p, ^, and r be the orthogonal projections on Im<ί*, Ivcίd, and Kerrf Π Kerrf* in A*(Aί, g ), and similarly for //, #', and r ; . Then B = pip + qJ*q + //r.
Definition26. E p (λ, g) = X l0tλ] (A p {g))
and
Lemma 27. iV p (||5|| 4 λ, g) > N p (λ, g 1 ).
Proof. We will not assume that B is invertible for the proof. For simplicity we will drop the index p. By the generalization of Glazman's lemma ( [18] , [45] ) we have N(λ, g) = sup{Tr Γ P: P is a projection in Λf <8> B(A*{9')), ImPc Dom(Δ(*)) and P(Δ(g) -λ)P < 0}. 
Let P be the projection onto the preimage under B of Im/ [0 λ] (A(g')).
By Lemma 25, ImPc Dom(Δ(g)). Thus
Corollary 29. The condition 0 e Spec(Δ^(g)) is independent of the metric g.
Proof 0 i Spec(Δ^(g)) iff N p (λ 9 g) is locally constant near 0.
Note 30. In the case p = 0, we know that 0 e Spec(Δ 0 (^)) iff π { (M) is amenable [4] . The easy part of Brooks (It follows from the finite speed of propagation on Lipschitz manifolds, as proved in [29] , that Ίr γ e~τ^ is finite for all T > 0.) Proposition 32 [18] , [41] ). a p (M, g) < a p (M, g f ). Proof. We will not assume that B is invertible for the proof. We have 
VI. Abelian fundamental group
Let V be the vector bundle over Af whose fiber over m e M is 
The change of summations and integrations can be justified by the estimates of the proof of Lemma 4.
We claim
Then the proposition will follow. To see (81) 
(n)a(n)*ω = ω for all n e π χ (M)}. The inner product becomes (ω, η) = f^-(ω(x), η(x))dvol(x).
Δ^ is represented by ω -• Δω. Put is an analytic family of type (A) in the sense of [43] . By Theorem XII. 13 of [43] , the eigenvalues λ^θ) of Δ^ form a sequence of analytic functions locally in θ they do not necessarily form a sequence of analytic functions on T ι , but do form a sequence of multivalued functions on T ι . It follows that for any ε > 0, {(θ, λ^θ)): λ^θ) < ε} can be written as a union of graphs of a finite number of locally defined analytic functions on T ι . By taking a sufficiently fine finite covering {U a } s a=χ of {θ: λ t {θ) < ε for some /} , and subordinate partition of unity {p a Y a= i, we can write 
for some rational number a p > 0 and some integer k. (Malgrange [33] studies the case of imaginary T, but the asymptotics are the same in our case.) Hence we have shown We can give conditions for λ (2) (0 o ) to be nonzero using perturbation theory.
Proposition 39. If π χ (M) is abelian, then a (M) is positive and rational.
If-n χ (M)
=
Proposition 41. Suppose that for θ e U, ψ(θ) is an analytic family of eigenvectors of A p θ with eigenvalue λ(θ), and λ(θ
.
By first-order perturbation theory [43] , we have
where G is the Green's operator for A θ -λ(θ Q ). Hereafter we will drop the Θ Q subscripts. Now
Because de(τ)ψ = 0, e(τ)ψ can be written as η + dp for some η e 1> , ,
The same arguments, applied to *ψ instead of ψ, give
Using higher order perturbation theory, one can show that given Λ, 
and similarly for *ψ. The condition (*) can be re-expressed in a way independent of choices as
Example 42. Let M be the total space of a nontrivial SU(2) bundle over B = S ι x S 3 . We will show that α 3 (Af) = 1/2. By the Gysin sequence for twisted cohomology,
/ί (M, π*^, R) is nonzero only for 0 = 0. By the Hirsch lemma, the minimal model of M has a generator x in degree 1 and generators y χ and y 2 in degree 3, with the relations dx = 0, rf^j = 0, and dy 2 = xy { [22] . Taking 
VII. Examples of a p
A. p=0. Varopoulos [49] has shown α 0 = oo unless n χ {M) has polynomial growth (i.e., n { (M) is almost nilpotent [24] ), in which case a 0 is the growth rate of n χ {M).
B. Locally symmetric spaces. We collect some properties of the spectrum of the Laplacian on differential forms on irreducible noncompact In order to know when a p (M) can possibly be finite, one can ignore the discrete spectrum of Δ^ , as its contribution to tre" 7^* '^ will either be constant in T or decrease exponentially in T. Then a necessary condition for a (M) to be finite is that the continuous spectrum of Δ extend down to 0. The continuous spectrum corresponds to the part of the regular representation of G induced from cuspidal parabolic subgroups, and so the question is whether an induced representation V can give a vanishing representation of the Casimir operator. We can assume that the induced representation is irreducible, upon which having vanishing Casimir is equivalent to C p {#, /, V) consisting of harmonic cochains, which is equivalent to Precise information on the representations V with nonvanishing (y, /)-cohomology is given in [51] , to which we refer for details. In particular, it follows from [51] that the continuous spectrum of Δ does
, due to the existence of a unique fundamental series representation V. Then α (Af) will be finite and independent of p in this range, and can be computed using the Plancherel formula. We will only give the result for the simplest case. A generalization of the above results, when applied to Hermitian or quaternionic noncompact symmetric spaces, is given by the following propositions.
Definition 47 [26] . A closed Kahler manifold M is Kahler hyperbolic if the Kahler form ω on M can be written as ω = dη for some bounded 1-form η on M.
Proposition 48 [26] . [2] , the proof is the same as that of [26] . So for ωe/,
Using (105), we obtain
n + l, p = m, m+ 1. ' A, this inequality is exact for p -0, 2m + 1.) f. We can assume p <m. Because S? p is invariant under Δ,
Then S? p = %? <s> C^p' and
If P denotes the Szegό projection, the orthogonal projection from Note. Some of the results of § §III and IV have been independently obtained by V. Mathai [34] . M. Gromov and M. Shubin have shown that a p (M) is a homotopy invariant [27] .
